ON THE UNIVERSAL COEFFICIENTS FORMULA FOR SHAPE 
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Abstract. In this paper it is investigated whether various shape homology 
theories satisfy the Universal Coefficients Formula (UCF). It is proved that 
pro- homology and strong homology satisfy UCF in the class FAB of finitely 
generated abelian groups, while they do not satisfy UCF in the class AB of 
all abelian groups. Two new shape homology theories (called L^CF-balanced) 
are constructed. It is proved that balanced pro-homology satisfies UCF in 
the class AB, while balanced strong homology satisfies UCF only in the class 
FAB. 
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0. Introduction 

The purpose of this paper is to investigate whether various shape homology 
theories satisfy the Universal Coefficients Formula (UCF). It is proved (Theorem 
that pro-homology and strong homology satisfy UCF in the class FAB of 
finitely generated abelian groups, while they do not satisfy UCF in the class AB 
of all abelian groups (Theorems 11.31 and II. 4|) . Two new shape homology theories 
(called UCF-balanced, or simply balanced) are constructed. It is proved that bal- 
anced pro-homology satisfies UCF in the class AB (Theorem II. 2p . It happens that 
our balanced strong homology is not "balanced enough" . It satisfies UCF in the 
class FAB (Theorem [TTT]), but not in the class AB (Theorem ll.51) . The latter theo- 
rem is the most difficult part of the paper. Two counter-examples are constructed. 
The first one is simpler, but depends on the Continuum Hypothesis (in fact, on 
a weaker assumption "d — Hi"). Hence, that example cannot be considered as a 
"final" counter-example. Another counter-example is much more complicated, but 
does not depend on any extra assumption, therefore can be considered as "final" . 

To deal with UCF, one needs to develop the torsion functor Tor^' on the category 
of pro-modules, which is done in Section [2j The problem is that the category 
Pro (fc) of pro- modules does not have enough projectives (Remark 12. 23p . It does 
have, however, enough quasi-projectives fProposition I2.2"4)) . It follows also that 
quasi-projectives are fiat (Proposition I2.30|) provided k is quasi-noetherian. The 
above two facts allow defining the torsion functors using quasi-projective resolutions 
(Proposition I2.35|) . 

To calculate the strong homology groups (balanced or non-balanced), one needs 
spectral sequences from Section |3l Those spectral sequences are of inverse limit 
type (in contrast to the direct limit type sequences), and are concentrated in the I 
and IV quadrants. It is not very easy to treat the convergence of such sequences. 
There are several papers that deal with the convergence of inverse limit type spec- 
tral sequences. See, e.g., the most general treatment in [Boa99| . Part II, spectral 
sequences for towers of fibrations and homotopy limits in [BK72| . §IX.4 and §XI.7, 
spectral sequences for homotopy limits of spectra in |Tho85| . 1.16, 5.44-5.48, spec- 
tral sequences for T -spaces in [PraOll, Theorem 2, and a spectral sequence for strong 
homology in |Pra89j . None of the approaches above suits 100% our purposes. That 
is why in Section [3l spectral sequences for homotopy limits of diagrams of chain 
complexes are developed fTheorem l3.1ip . The most important result in that Section 
is Theorem 13. 151 where homotopy limits of pro-complexes are treated. 

Let G G Mod (Z) be an abelian group (see the notations for Mod (fc) and 
Pro (fc) from Example 12 . 71 (fT|) ) . Throughout this paper, /i„ (_, G) will be one of the 
following homology theories: 

(1) Pro-homology H„ {X,G) e Pro (Z) (see Definition SH]) . 

(2) Strong homology i?„ {X, G) e Mod (Z) (see Definition 

(3) Balanced pro-homology Hj^ [X, G) G Pro (Z) (see Definition 14. 6p . 

(4) Balanced strong homology if^ {X, G) G Mod (Z) (see Definition 14. 8p . 
Let ®i denote either the usual tensor product 

(g)z : Mod (Z) xMod (Z) Mod (Z) 

or the tensor product 

Oz : Pro (Z) x Mod (Z) — > Pro (Z) 
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from Theorem 1 2. 171 

Proposition 0.1. For each of the four theories there exists a natural (on X and 
G) pairing 

hn {X, Z)®zG^ hn {X, G) . 

Remark 0.2. Since all the four theories are defined on the strong shape category 
SSh, "natural" here means that for each n G Z the pairing above is a morphism of 
functors 

hn (?, Z) (g)z? — y hn (?, ?) : SSh x Mod (Z) — > C 
where C is either Mod (Z) or Pro (Z). 

Proof See Section O □ 
Let € be either the class AB or the subclass FAB C AB. 

Definition 0.3. We say that the homology theory /i* satisfies UCF in the class 

£ iff for anyneZ, X G TOP and G G C; 

• The pairing hn {X, Z) (E>z G ^ hn {X, G) is a monomorphism. 

• The cokernel 

coker {hn (X, Z) ®z G -> {X, G)) 

is naturally (on X and G) isomorphic to Tor^ (^n-i Z) , G) where Tor 
is either the usual torsion functor 

Tori ■■ Mod (Z) xMod (Z) ^ Mod (Z) 

or the functor 

Tori ■■ Pro (Z) xMod (Z) ^ Pro (Z) 
/rom Definition \2.31\ 

Remark 0.4. Roughly speaking, the theory h^ satisfies UCF in the class £ iff there 
are natural (on X E SSh and G G £j exact sequences (n CzZ) 

^ /i„ (X, Z) ®z G hn {X, G) Toe? (/i„_i (X, Z) , G) ^ 0. 

1. Main results 

Theorem 1.1. All the four theories hn satisfy UCF in the class FAB. 

Proof See Section El □ 

Theorem 1.2. The balanced pro-homology satisfies UCF in the class AB. 

Proof See Section El □ 

Theorem 1.3. The pro-homology H* does not satisfy UCF in the class AB. 

Proof. Sec Section El D 

Theorem 1.4. The strong homology Hn does not satisfy UCF in the class AB. 

Proof. See Section El D 

Theorem 1.5. The balanced strong homology does not satisfy UCF in the 
class AB. 

Proof. See Section El D 
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2. Pro-modules 

2.1. Pro-category. We will often refer to Chapter 6 of |KS06| where ind-objects 
are considered. Since the category of pro-objects Pro (fc) is isomorphic to the cate- 
gory Ind (Mod [k)°^)°^ where Ind (C) is the category of ind-objects, all properties 
of Pro (fc) are dual to the properties of Ind (Mod (fc)°^). We can therefore easily 
use the statements that are dual to the corresponding statements in |KS06j . 

Pro-objects are represented by inverse systems. In 'MS82' and | MarOOj . inverse 
systems are indexed by fiUrant (called directed in ,MS82 . §1.1.1) ordered sets /. 
We use here more general inverse systems indexed by cofiltrant index categories, 
i.e. an inverse system in C (Definition 12.11 below) will be a functor X : I — > C 
where I is a small cofiltrant category (see [KS06J, Definition 3.1.1, for the definition 
of (co)filtrant categories). Without loss of generality, let us denote such a func- 
tor by (X,),^gp The so-called Mardesic trick ( jMS82j . Theorem 1.1.4) shows that 
our construction (indexing by a category) is equivalent to the Mardesic-Segal con- 
struction (indexing by an ordered set). The difference in terminology (cofiltrant 
categories instead of filtrant sets) is due to the fact that our construction uses 
covariant functors, while the Mardesic-Segal construction uses contravariant ones. 

Definition 2.1. (compare with |Pra01| . Definition 2.1.3) For a category C, let 
Inv (C) be the following category (of inverse systems). The objects are functors 
X : I — !■ C where \ is a small cofiltrant category. A morphism X — > Y where 
X : I — > C and Y : J -t- C, is a pair (if, ip) where ip : 3 ^ 1 is a functor and ip is 
a morphism of functors i/> : X o — > Y. The morphisms are composed as follows: 

where 

■ J >^,V>2-^ 

-01 : Xo(^i — >Y,ip2.Y oip^ — > Z, 
and V'l (^2) : X o (^j^ o Y o *s the morphism given by 

The identity morphisms Ix o,fe given by families Ix = (l : I — I, (li : Xi ^Oiei) ■ 

It is easily checked that Inv (C) is indeed a category. 

Definition 2.2. // I = J and tp is the identity functor, the morphism [ip, ip) is 
called a level morphism. 

Definition 2.3. Let C be a category. The pro-category Pro (C) (see [KS06| . Def- 
inition 6.1.1, [MS82j . Remark I.I.4, or [AM86| . Appendix) is the category with the 
same class of objects as Inv (C), and the following sets of morphisms between two 
objects X = {Xi).^j and Y = (>S")jej- 

i7ompro(c) (X, Y) = l^jeJ liii^ieiHomc {Xi,Yj) . 

Remark 2.4. It follows from the definition that a morphism in Pro (C) between 
X — iXi)^^^ and Y = (^)jgj can be represented by a pair (fjip) where ip : 
Ob (J) Ob (Vj is a mapping between the sets of objects, and ^jj = (V'j) '■ X^(^j-) — 
Yj is a family of morphisms satisfying the standard inverse limit relations. A mor- 
phism {(PtiP) in Inv (C) can be therefore interpreted as a morphism in Pro(C), 
and one has an evident functor Inv (C) — >■ Pro (C). 
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Definition 2.5. A morphism G i7ominv(c) (X, Y) is called cofinal, if 

ip : 3 ^ I is a cofinal functor (left cofinal in |BK72j . XI. 9.1, see also |AM86) . 
Appendix (1.5)), X o = Y, and 

= 1y : X o — > X o iy9 = Y. 

Theorem 2.6. T/ie category Pro (C) «s equivalent to the category of fractions 
Inv (C) where S is the class of cofinal morphisms. 

Proof See |Pra01) . Theorem 2.1.10. □ 
Example 2.7. 

(1) Let k be an associative commutative ring with unit. The category of It- 
modules will he denoted Mod (fc). The pro-category Pro (Mod (fc)) of pro- 
modules will he shortly denoted Pro(fc). Since the category AB of ahelian 
groups can he naturally identified with Mod (Z), the category Pro (AB) of 
ahelian pro-groups can he naturally identified with Pro (Z) . 

(2) We will consider hath the categories Pro (TOP) and Pro (HTOP) where 
TOP is the category of topological spaces and HTOP is the category of 
homotopy types having topological spaces as objects and homotopy classes 
of mappings as morphisms. There are full subcategories Pro (POL) C 
Pro (TOP) andFro (HPOL) C Pro (HTOP) where POL is the category 
of topological spaces having the homotopy type of a polyhedron. 

(3) Let CHAIN (fc) he the category of chain complexes of k-modules. We will 
consider the category Pro (CHAIN (fc)) of chain pro- complexes. 

It is well-known that the category Pro (C) admits coproducts if C does (see, 
e.g., |Pra01j . Proposition 2.4.1). Below is the explicit description of a coproduct. 

Example 2.8. Let (X" = {X")^^-^^) he a family of pro- objects. Define a pro- 
object Y = iYj)j^j CLS follows: 

aGA aeA 

where j — (j (a) G I")^^^. One has for another pro-object Z — {Zk)i^^j^ 

i?o7Tipro(c) (Y, Z) ~ l^mfclin^jgoTOc {Yj, Zk) ~ ]^mfclin^,gomc J J X^i^^^,Zk 

\aeA 

~ ^felh^j Y\ Home Zfe^ ~ Y\ ln§iGi°-ffomc (Xf , Zfc) ^ 

aeA a£A 

- ^fc W -ffompro(C) (X", Zfc) ~ J]^ l^fciJompro(C) (X", Zfe) ~ J]^ i?ompro(C) (X", Z) , 

aeA a^A aSA 

and Y is indeed a coproduct of (X")^^^. 

Definition 2.9. Given a pro-complex 

C, = (C„),ei e Pro (CHAIN (fc)) 

let Cf £ CHAIN (Pro (fc)) 6e t/ie following complex of pro-modules: C^ = 
(C'„_i)^gj, dn — (f^rijOigi- There are two ways of defining the pro-homologies of 




ANDREI V. PRASOLOV 



the pro-complex: 

ker(d„^i : Cn,i — > Cn-i,i) 



H„ (C) = 
and 

Hf (C,) 



Im {dn+l,i '■ Cn+IA > Cn,i) 

ker(d„ : C„ — !• C„_i) 



Im {dn+l ■■ Cn+l > Cn) 

Proposition 2.10. H„ (C,) ~ H# (C*). 

Proof. Straightforward. Compare with |MS82) . §11.2. We need to describe kernels, 
cokernels, images and coimages. 

(1) Kernels. Let 

(/ : A ^ B) = (/, : A, ^ 
be a level morphism, and let 

C=(ker(/OW. 

We have to prove that C is the kernel of /. Let D = {Dj)j^j G Pro (fc). 
Then 

Homproik) (D, C) = ]^miei\injiejHom {Dj,Ci) = 

^m igi lin^ jgj ker (Horn {Dj, Ai) — > Horn {Dj, Bi)) = 
^m^gi ker (liuj^^jHom {Dj^A^) — > lm^j(=jHom {Dj,Bi)^ = 
ker (^^migilin^jgjiJom {Dj,Ai) — > ^jgilin^jgji/om {Dj,Bi)^ = 

ker {Hompro(k) (D, A) — > Hom-p^oik) (D, B)) . 

(2) Cokernels. Let now 

E = (coker(/O),gi. 

We have to prove that E is the cokernel of /. Let D — {Dj)j^j G Pro (fc). 
Then 

ifompro(fc) (E, D) = ^m,gjlin^igigoTO {Ei, £>,) = 

^mijgjlir^igi ker {Horn {Bi, Dj) — > Horn {Ai, Dj)) = 
^m,-gj ker (liujt(=iHom {Bi, Dj) — > lin^^giiJom {Ai, Dj)^ = 
ker (^l^m,-gjlin^.igiiJom {Bi,Dj) — > ^m,-gjlii:^igiiJom {A^, Dj)^ = 
ker (i/ompro(fc) (B, D) — > Hompra{k) (A, D)) . 

(3) Images. 

Im (/) = kercoker (/) = ker {B^ — > coker {ft))^^i = {Im (/0),gi . 

(4) Coimages. 

Coim{f) = coker ker (/) = coker (ker (/j) — > A,)^^^ = (A^/ ker ~ (/m . 
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Actually, Im (/) ~ Coim (/) because Pro (fc) is an abelian category (see |KS06j . 
dual to Theorem 8.6.5). Finally, 

n* (C) = coker (C„+i kcr (C„ C„_i)) ~ f .J^''//" ' = H„ (C) . 

iei 

□ 



/to {dn+l.i) 



Proposition 2.11. Let (C^ G Pro (CHAIN (/c)))^^^ be a family of chain pro- 
complexes of k-modules. Then, for any n e Z, 



( II Co J ^ II H„(C„) 



Proof. Straightforward, due to the explicit description in Example 12.81 □ 

Remark 2.12. Since both pro-complexes and pro-modules form additive (even 
abelian) categories, one can use the symbol © (direct sum) instead ofU: 



Ca J — H„ (Cq) . 

\aeA / a£A 



2.2. Strong shape. Theorem 12.161 below gives a definition of the strong shape 
category which is equivalent to the Lisitsa-Mardesic one ( |MarOO] . §8.2). 

Definition 2.13. A level morphism f : li. ^ Y in Pro (TOP) is called a level 
equivalence iff fi : AT^ — > 1^ are homotopy equivalences for all i €z 1. 

Definition 2.14. i^ |Pra01| . Definition 2.1.9). A morphism 

(^,V) :X^Y 

in Inv (TOP) is called special iff is a cofinal functor and ipj : A'l^jjj ~^ a 
homotopy equivalence for all j G J. 

Proposition 2.15. Any special morphism / : X — > Y is a composition f — h o g 
of a cofinal morphism g and a level equivalence h. 

Proof. Given a special morphism {ip, ?/;) ; X — > Y, let 

Z=(Z,=X^(,.))^.^jGlnv(TOP) 

and 

g = {(fi, lxo,p) : X — > Z, 
h = (lj,V):Z^Y. 
Clearly g is cofinal, and /i is a level equivalence, while f ~ h o g. □ 

Theorem 2.16. The strong shape category SSh is a full subcategory of the category 
of fractions Pro (POL) [S"-"^] where E is the class of special morphisms. 

Proof. Due to IPraOl] . Theorem 1, the category SSh, being a full subcategory of 
SSh (Pro (TOP)), is therefore a full subcategory of Pro (ANR) [S^^] . It is easy 
(and standard in strong shape theory) to substitute the category Pro (ANR) 
by the alternative category Pro (POL) [S^^] because any ANR is homotopy equiv- 
alent to a polyhedron. □ 
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2.3. Tensor product. Let P G Pro (A;), M e Mod(fc). Consider the functor 
Jp,A/ : Pro (fc) — > Mod (fc) , 
Ffm (N) = HorjiModik) {M, Hompro(k) (P, N)) . 
Theorem 2.17. 

(1) The functor F^^m is representable. It means that there exists a pro-module 
( unique up to an isomorphism ) P ®k M such that 

Hompro(k) (P ®fc M, N) ~ -ffomMod(fc) {M, Hompro{k) (P, N)) 

naturally on N G Pro (fc). 

(2) Moreover, since the mapping (P, M) i — > Fp^M is functorial, then the map- 
ping (P, M) I — > P (x)k M is in fact an bi-additive (even k-bilinear) functor 

®fc : Pro (fc) X Mod (fc) — > Pro (fc) . 

(3) T/ie functor 0^ is rig/ii exact with respect to both variables. 

(4) // M is projective, then the functor ? (x)k M : Pro (k) — >■ Pro (k) is exact. 

Proof. Representability. Compare Theorem 2.1.8 in |Sug01| or Proposition 2.1 
in [Sch87j . 

Assume M — k-^ is a free fc- module generated by the set X, and let 

P0fcM:=0P 

X 

be the direct sum in Pro (fc). Then 

-ffompro(fc) (P «)fc M, N) 2± Homp^^^k) ^0 P, - 

J]^ i7ompro(/c) (P,N) ~ HommoA(k) {M, Homp^o(k) (P,N)) 

X 

as desired. Consider now a general fc-module M . It can be represented as 

M ^ coker (k^ k^ 



where / is given by a (infinite in general) X x Y matrix with coefficients in k. 
Define 



P A/ = coker ^0 P A 



where F is given by the same X x Y matrix. Then 
-ffompro(fc) (P ®k M, N) ~ 

ker |^i?ompro(fc) |^0P,N^ Homp.^^k) ^0P,Njj ^ 

ker (i?omMod(fe) {k^ , H onipro^k) (P,N)) — > Hoin-^od(k) {k^ , Hompro(k) (P,N))) 
-ffomMod(fc) (coker (fc^ k^) ,Homp^o(k) (P,N)) ~ 
~ HomMod(k) {M,Homp^oik) (P,N)) 
as desired. 



UCF FOR SHAPE HOMOLOGY 



9 



Exactness. We will prove even more: ®k commutes with arbitrary direct limits 
(with respect to both variables). Indeed, let P € Pro (fc). The functor 

POfc? : Mod {k) — > Pro (fc) 

is left adjoint to the functor 

Homproik) (P, ?) : Pro (fc) — > Mod {k) . 

Hence, it commutes with direct limits, and therefore is right exact. 

Let now M e Mod (fc), and let P = lii^iei Pi be the direct limit of a diagram 
(not necessarily filtrant!) of pro-modules. For any pro-module N, 

iJompro(fc) (^lin^igi Pj) •S)k M, ~ i?omMod(fe) {m, Hom-pj,c,{k) ((lil^jei P^ 
ifomMod(fc) (M,]^jei Hompro{k) (Pi,N)^ ~ 
j^iei HomMad(k) (M, i/ompro(fe) (Pi,N)) ~ 
^m&i Hompro{k) (Pi ®fc N) . 

Therefore, (^ lin^ jgi P^^ (8)fcM ~ lii^iei (P, (8)fe M), and ?(8)fcM : Pro (fc) ^- Pro (fc) 
is right exact as well. 

Finally, let M be a free fc- module, M ~ fc'^ for some set X. Since 0^ commutes 
with direct limits, the functor ? M is the direct sum of the identity functors 
ig)fcfc. Hence, ? g)^ M is exact as a direct sum of exact functors. If M is projective, 
then it is a retract of a free module F. Therefore, ? (8>fe M, being a retract of the 
exact functor ? (g)^ F, is exact as well. □ 

Remark 2.18. Let P* e Pro (CHAIN (fc)) 6e a pro-complex of k-modules, and let 

M be a k-module. Then the tensor producfP ^,®}^M can be represented by a complex 
of inverse systems and level differentials indexed by the same index category J : 



{dn : P„ P„-l) = (dn : {Qn)j iQn-l)j). 



Indeed, the complex of pro-modules 

Qn = Pn ®fe M = coker ^0P„ A 0P„j , 

as in the proof above, can be represented by the following inverse system. Let 3 be 
the product of the X xY copies ofl: 3 = I'^^^. Given 3 B j = {ix,y)x^x yev' 

(Q„), = coker (0(P„)^.(^_^) A0(P„),(,,^) 
\yeY xex 

{dn : Qn — ^ Qn-i)j = coker (d„)j(^,j^) A (d„)j(^,j^) 

\yeY xex 

where Fj is the following constant (not depending on j) X xY matrix: {Fj)^ ^ 

fx,y 
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Definition 2.19. There is another (weak) tensor product 

«)fe : (Pro (fc)) X Mod (fc) — > Pro (fc) 
which is defined as follows: 

F®kM := {P, (g>k 
where the pro-module P is defined by an inverse system (-ROiei- 

Theorem 2.20. There is a natural homomorphism ®k ®k- If M is finitely 
generated, the homomorphism above becomes an epimorphism P(E)kM P(g)fcM. 
// AI is finitely presented, the homomorphism becomes an isomorphism. 

Proof. It is easy to see that, if Af = fc, then the homomorphism becomes an iso- 
morphism: 

P(g)feM = P(g)fcfc = P = P(g)fefc= P(i)feAf. 
Since both functors are additive (even fc-hnear), the same is true when M — k" 
is a free finitely generated module: 

n 

P Af = P = P = P®fefc"= P^kM. 

If M is finitely generated, then 

M = coker (k^ — > fc") , 

P Af = coker ^0 P — > P"^ , 

P(g)fcAf = coker {P^kk^ — > P") , 

and both pro-modules are factormodules of the same pro- module P", hence P ®k 
M — i> P®kM is an epimorphism. Finally, if M is finitely presented, then 

M = coker (fc™ — > fc") , 
P(g)kM = coker (P™ — > P") = coker (P§)fcfc™ — > P®fcfc") = P®fcAf. 

□ 

2.4. Quasi-projectives. 

Definition 2.21. (dual to |KS06| . Definition 15.2.1) A pro-module P is called 
quasi-projective if the functor 

Homp„„(^k) (P, ?) : Mod (fc) — > Mod (fc) 

is exact. 

Proposition 2.22. A pro-module P is quasi-projective iff it is isomorphic to a 
pro-module {Qi)^^i where all modules Qi G Mod (fc) are projective. 

Proof. The statement is dual to |KS06) . Proposition 15.2.3. □ 

Remark 2.23. The category Pro(fc) does not have enough projectives (compare 
with [KS06 , Corollary 15.1.3). However, it has enough quasi-projectives (see Propo- 
sition \272^ below). 

Proposition 2.24. For any pro-module M there exists an epimorphism P — >■ M 
where P is quasi-projective. 
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Proof. The statement is dual to the rather complicated Theorem 15.2.5 from |KS06j . 
However, the proof is much simpler in our case. Given M — {Mi)^^j, let P = 
{Pi ~ F (Afi))jgj, where F (Mi) is the free fc-module generated by the set of symbols 
(["^])mej\/- ^ family of epimorphisms 

fi - Pi — > Mi ^fi ^0 ["^il j = 5Z ^-J™-?' ^ ^' ™-J ^ 

defines the desired level epimorphism / : P — > M. □ 

2.5. Quasi-noetherian rings. 

Definition 2.25. A commutative ring k is called quasi-noetherian if for any 

quasi-projective P G Pro (k), and any injective J £ Mod (k), the k-module Hom-pro{k) (Pj J) 
is injective. 

Remark 2.26. In |Sug01| , Definition 2.1.10, such rings are called "satisfying con- 
dition A". However, Provosition \2.2^ below justifies our name. 

Lemma 2.27. Let k be a noetherian ring. Then any filtrant direct limit of injective 
k-modules is injective. 

Proof See |Lam99j . Theorem 3.46. □ 
Proposition 2.28. A noetherian ring is quasi-noetherian. 

Remark 2.29. This proposition answers positively Conjecture 2.1.11 from [Sug01| . 

Proof. A quasi-projective P can be represented by an inverse system {Pi)i^i where 
all Pi are projective fc-modules. Therefore, the fc-module 

Hompro(k) (P, J) = linjiei HomMod(k) {Pi, J) , 
being a filtrant direct limit of injectives, is injective as well, by Lemma 12.271 □ 

The proposition l2.30l below shows that quasi-projective pro-modules over a quasi- 
noetherian ring are flat. 

Proposition 2.30. // k is quasi-noetherian and P € Pro (fc) is quasi-projective, 
then the functor P(8>fe? : Mod (fc) — > Mod (fc) is exact. 

Proof See |Sug01| , Theorem 2.1.12. □ 

2.6. Tor for pro-modules. We define the torsion functors TorJ : Pro (fc) 
Pro (fc) as the left derived functors of the functor 

(g)k ■■ Pro (fc) X Mod (fc) — > Pro (fc) 

with respect to the second variable. Later, in Proposition 12.351 we will show that 
these functors can be equally defined by using the first variable (provided k is 
quasi-noetherian) . 

Definition 2.31. Let M e Pro (fc), G e Mod {k), and let 

^ G ^ Po ^ Pi ^ P2 ^ ... 
be a projective resolution of G. Define 

Tor^ (M, G) H„ (M ®k P*),n> 0, 
to be the pro-homology of (M ®k P*) £ CHAIN (Pro (fc)). 
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Remark 2.32. Using the standard homological techniques, one can easily show that 
Tor^ are well defined bi-additive ( even k-hilinear) functors from Pro (fc) x Mod [k) 
to Pro(A:). Moreover, since (8)fe is right exact, TorQ is naturally isomorphic to (8)fe. 

Proposition 2.33. (The first long exact sequence) Let G G Mod(fc), and let 

— > M — > N — ^ K — > 

be a short exact sequence of pro-modules. Then there exists a natural long exact 
sequence of pro-modules 

^ K®fcG^ N«)fcG^ M®feG^ Tor^(K,G) ^ ... 
... ^ Tor^; (K, G) ^ Tor^ (N, G) ^ Torf, (M, G) ^ Tor^+i (K, G) ^ .. 

Proof. Let 

^ G ^ Po ^ Pi ^ P2 ^ ... 
be a projective resolution of G. Due to Theorem 12.171 (jl]) , there is a short exact 
sequence of complexes of pro-modules 

— > M^kP* — > N (X)fe P, — y K®fcP* — > 0. 

The corresponding long exact sequence of pro-homologies is as desired. □ 

Proposition 2.34. Let C, G Pro (CHAIN (fc)) be a pro-complex of k-modules, 
and let G G Mod (fc). There is a natural on C» and G pairing 

(C) ®k G — > (C, (g)fe G) . 

Proof. For each a G G we will define morphisms 

a* : (C») — > H» (C, CS)^ G) 



which satisfy the condition (sa + = a* + 5,, a, 6 G G, s, i G fc. Since, due to 
Theorem 12.171 

ffomMod(fe) (G, Hompro{k) (C*, C* ®k G)) ~ Hompro{k) (C, 0^ G, C* (8)fc G) , 
let 

<^„ : G — > iJompro(fe) (C„, C„ 0^ G) 

be a family of morphisms corresponding to 1„ G Homp,.o{k) (Cn ®fe G, C„ G). 
The morphisms 

<p„ (a) : C„ — > C„ (8)fe G 

define a chain mapping inducing the desired morphisms a„ : H„ (C*) — >■ H„ (C, (E)k G). 

□ 

Prom now on, we assume that fc is quasi-noetherian. Proposition 12.351 
below shows that quasi-projective resolutions can be used to define the torsion 
functors. 

Proposition 2.35. Let M G Pro (fc) , G G Mod (fc), and let 
^ M ^ Po ^ Pi ^ Pa ^ ... 

be an exact sequence of pro-modules where all Pi are quasi-projective. Then the 
homology groups of the complex P* ®k G are naturally isomorphic to the torsion 
pro-modules: 

H„ (P, ®u G) ~ Tor^ (M, G) , n > 0. 
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Proof. Induction on n. 

Step n — 0: since d2)fe commutes with direct limits, 



Ho (P* (8)fe G) ~ coker (Pi (8)fe G — >Po <»k G) ~ 
coker (Pi — ^ Pq) ®fc G ~ M (g)fc G ~ Tor^ (M, G) . 

Step 71 => n + 1: let N = ker (M < — Pq). The short exact sequence 

— — >Po — >M — ^0 

induces, due to Proposition 12.331 a long exact sequence 

... ^ = Tor^ (Po, G) ^ Tor^ (N, G) ^ Tor^+i (M, G) ^ = Tor^ (Pq, G) 

which, in turn, implies an isomorphism Torjj (N,G) ~ Torjj^i (M, G). There is 
an evident resolution for N: 

Oi — N < — Pi< — P2< — P3i — ... 
By the induction hypothesis, 

Tor^ (N, G) ~ H„ (P,+i 0^ G) ~ H„+i (P, ®k G) . 
Finally, Tor^+i (M, G) ~ Tor^ (N, G) ~ H„+i (P, «)fc G), as desired. □ 
Proposition 2.36. (The second long exact sequence) Let M G Pro (A;), and let 

— >A — > B — >C — >0 

be a short exact sequence of k-modules. Then there exists a natural long exact 
sequence of pro-modules 

< — M.®kCi — M.®kB< — M.®kAi — Tor5:' (M, G) ^ — ... 
... ^ Tor,^; (M, G) ^ Tor,'; (B, S) ^ Tor^; (M, A) ^ Tor^+i (M, G) ^ ... 

Proof. Let 

^ M ^ Po ^ Pi ^ Pa ^ ... 

be a quasi-projective resolution of M. Due to Proposition 12.301 there is a short 
exact sequence of complexes of pro-modules 

— > P^®kA — > P, ®k B — > P,(g)fcG — > 0. 

Because of Proposition l2.351 the corresponding long exact sequence of pro- homologies 
is isomorphic to the desired sequence. □ 

Theorem 2.37. Let P* 6 Pro (CHAIN (Z)) he a pro-complex of abelian groups, 
such that P„ is quasi-projective for all n G Z, and let G G Mod (Z). Then for any 
n G Z the pairing 

H„ (P,) ®z G ^ H„ (P, G) 

is a monomorphism, with the cokernel naturally (on P, and G) isomorphic to 
Tori (H„-i (P*) , G). In other words, there exist natural on P* and G short exact 
sequences (n ^"L) 

^ H„ (P,) ®z G ^ H„ (P, ®z G) Tor? (H„_i (P,) , G) ^ 0. 
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Proof. Let 

be a free resolution for G. Due to Proposition l2.30l there is a short exact sequence 
in CHAIN (Pro (Z)); 

— > P* ®z <3i — > P* «)z Qo — >F*®zG — y 0. 

Since the functors ? Qo and ? Cg)z Qi are exact, the induced long exact sequence 
of pro-homologies will have the following form: 

... — > H„(P,)®zQi — >H„(P,)®zQo — >H„(P, (g)zG) — > 

— > H„_i (P,) ®z Qi — > H„_i (P,) ®z Qo — > ■■■■ 

The latter sequence splits into the desired pieces: 

— > coker(H„(P,)®zQi — > H„ (P,) ®z Qo) =i H„ (P,) ®z G — ^ H„ (P, ®z G) 
ker (H„_i (P,) ®z Qi Hn 1 (P*) ®z Qo) - Torf (H„_i (P,) , G) ^ 0. 

□ 

3. Spectral sequences 

3.1. Towers. Let 

A = (... A„ A„„i ... ^ ^ A 
be a tower of abelian groups, and let 

aC^) = (... ^ 4'^) ^ Ai'^i ^ ... ^ A^;' Ai"-' 

where 

/I ('■) — A 

Remark 3.1. We assume that i„ : A„ — > A^-i is zero when n > 0, hence 
An = when r > n. 

Definition 3.2. Let A = (yl„,i) be a tower. The first derived inverse limit is 
defined as follows: 



]^lAn = coker H ^« ^ 11 ^« 

\ n>0 n>0 

Remark 3.3. It is clear that 

]^„A„ = ker A„ J| A„ 

yn>0 n>0 

Theorem 3.4. (Mittag-Leffler) 

(1) For a short exact sequence of towers 

(A„) (B„) (G„) 

there exist an 8 term exact sequence 

> An > \^n Bn > l^n Cn > ^n A„ > ^n -Bn > ^,\G„ > 0. 
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(2) If in are epimorphisms for all n, then ^im,\A„ = 0. The condition can be 
substituted by a weaker "Mittag-Leffler condition" , but we do not need this 
generalization. 

(3) For any r, 



(4) For any r, 



(5) 



(6) There is a short exact sequence 

^ ^.J, ^r^l''^ > ^lAn > ^ > 0. 

(7) 
(8) 

Inn^ A(:^ ^ \unl A^, 

are epimorphisms for all n E Z. 

Proof. To prove ([1]), consider the following short exact sequence of cochain com- 
plexes: 







n — - n — ^ n ^« 







n>0 



ri>0 



n>0 



1 - i 



1 - i 



1 - i 



n — " n — ^ n 



The long exact sequence of cohomologies reduces to the desired 8 term exact se- 
quence, because 



n ^ n ^« = s ^ 



in>0 n>0 



^im„ An if n = 
I An if n = 1 
if n < or n > 1 



and similarly for (Bn) and (C„). 
To prove ([2]), notice that 

l-i 

n>0 n>a 

is an epimorphism whenever all in are epimorphisms. 



n ^ n 
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To prove Q, let 
^ 



c° = n ^n+i "^'^ ■ = n ^n+i — ^ 

ri>0 ri>0 



n>0 n>0 



be a pair of morphisms 



of cochain complexes where j is the natural projection. 
Define cochain homotopies 

^ C° = n An+l ^C' = U 

n>0 n>0 




n+1 



n>0 



n>0 



by 



and 



5(ai,a2, ...,a„, ...) = (-ai, -02, -a„, ...) 
(ji - 1) (ai,a2, ...,a„, ...) = (102 - ai, 103 - 02, «a„+i - a„, ...) 
ji — 1 = 5(i + (iS*, 



D° = n ^« ^ = n 




n>0 



ri>0 



n>0 



by 



r(ao,ai,...,a„,...) = (-oq, -ai, -a„, ...) 
(ij - 1) (ao,ai, ...,a„, ...) = (mi - oq, iai - ao, ia„+i - a„, ...) , 
ij -I = Td + dr. 

Therefore, i and j are cochain homotopy equivalences which induce the isomor- 
phisms 

^„ An+i ~ l^mn An, ^m ^ A„+i ~ l^m^ 
By induction on r, one can easily deduce the desired isomorphisms 
l^m,, An+r ^ l^ni„ A„, ^M„+r ~ l^m^ A„. 
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To prove g]), let 




c" = n An A^JS C' = l[An ^ 



n>0 
j 



n>0 
j 



n>0 n>0 



be a pair of morphisms 



of cochain complexes where j is the natural inclusion. 
Define cochain homotopies 







n>0 

1 6 



ri>0 



n>0 



n>0 



by 



and 



S" (oo, ai, a„, ...) = (— flo, — fli, — a„, ...) 
(ji - 1) (ao,ai, ...,a„, ...) = (mi - oq, iai - aq, ia„+i - a„, ...) 
ji — 1 — Sd + dS. 



DO A^) i-i ^ n 



n>0 




f 



4(1) 



ri>0 



n>0 



by 



r(ao,ai,...,a„,...) = (-ao, -ai, -a„, ...) 
(ij - 1) (ao,ai, ...,a„, ...) = (iai - Oq, iai - ag, ia„+i - a„, ...) , 
- 1 = Td + dT. 

Hence, i and j are cochain homotopy equivalences which induce the isomorphisms 
^„ A^^^ ~ 1^„ An, A^^^ ~ 1^^ An. 

By induction on r, one can easily deduce the desired isomorphisms 
A^^^ ~ ^„ ^1 ~ 1^1 
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To prove ©-([T]), consider the cochain bicomplex F**: 

— . = n n^^:^ = n n^^ 



ri>Or>0 ri>Or>0 



(1,1-z) 



— . = n n^i:^ - n n^^^^ — - q 

n>0 r>0 n>0 r>0 

^-^st = if s 7^ 0, 1, or if i 7^ 0, 1). It produces two "classical" spectral sequences 
converging to the cohomology of the total complex T* : 



where 



Ef = ^„ i;!! = ^1 A^:\ 

and, due to ([4]), 

£"2" = ^ri A\1^ = ^ri = ^ri An, 

= A^;^ = An = X^n An, 

8f = ^1 1^„ = ^ii 1^„ A„ = 0, 
= ^1 ^1 = ^1 ^ii A„ = 0. 

It follows that 

^„1^, = Ef' = H^{T*)=£T = \^nAn, 

^l^lA^l^ = iJii = ^2 (r*) = f 11 = 0. 
Moreover, from the second spectral sequence, 

while from the first one, (T*) has a two- fold filtration with subquotients £"2^ 
and £^2", giving the desired exact sequence 

El° = 1^1 Al:^ l^i An l^n Ai^^ = El' 0. 

It remains only to prove ([7]). Fix n, and consider an exact sequence of towers 
(with respect to r): 

^ (b(^A ^ (Ai:A ^ (a^:^'A 



^n-l 

where 

B(r) ^ ker ^ . 

This exact sequence induces the 8 term exact sequence from (1) 

^ ^ AM ^ ^ 

b'^'^ A'^^ l^l a'^^^P 0. 
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It follows that, due to (jlj, 



and 

l^l Ai^^ ^ 1^1 = l^l A^;l, 

is an epimorphisin. □ 

3.2. Bicomplexes. 

Definition 3.5. Let (C**,d,d) be a cochain bicomplex, with the horizontal differ- 
ential d and the vertical differential 5, concentrated in the I and IV quadrant, i.e. 
C"*' =0 if s < 0. Let Tot (C) be the following cochain complex: 

Tot{cf^ n 

s+t—n 

with the differential {dcY^ ~ dc^^^'*^ + {~lY Sc^'*'^^ where 

(c^*) e n C'^* = ™(C)"-\ 

s-\-t—n—l 



s-\-t—n—l 



Clearly, dd = 0: 



{ddcY' = didcY'^'' + {-iY sidcY^'-^ = 

= (-1)'"' dSc'-'-'-^ + i-lY Sdc'-^^'-^ = (-1)-' [-d5 + 5d) = 0, 
and [Tot (C) , 5) is a cochain complex. 

Remark 3.6. Notice that we use products instead of direct sums. 
Let now 

p 

s=0 

Denote by letter 9*^^^ the differential 

(\ s.n — s 

(Tot^P^ (C) ,9'-^^) become cochain complexes, and there are natural projections 

Tot (C) — > Tot^P^ (C) 
that are epimorphisms of cochain complexes. Clearly, 

Tot (C) = Toi'P' (C) . 

Denote by 
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where 

r(^) {C) = ker (Tot^'^ {C) Tot^^'^^ (C)) 
The long exact sequence corresponding to the short exact sequence of complexes 

r(^) (C) Tot^'^ (C) To&-^^ (C) 
gives an exact couple 

D = Di D = Di 




El 

of bi-graded abelian groups and homogeneous morphisms with the bi-degrees writ- 
ten at the corresponding arrows. 

One can construct the derived exact couples 




where = ^D, E^ = H {Er-i, d = jr-ikr-i) is the cohomology of the complex 
build on the previous couple, v is induced by V-i, K is induced by kr-i, while 

jr = jr-1 • 

Theorem 3.7. (spectral sequence of a bicomplex) 

(1) Ef^ = {Elver (C))** where H^^r is the cohomology in the vertical direction. 

(2) E2 = {Hhor-Hver (C'))'* whcrc Hfior is the cohomology in the horizontal 
direction. 

(3) ~ 

(4) The groups D2 are included in long exact sequences 

^ ^s,n—l y j^s,n—l ^ j~^s — l,n ^ ^s+l,n— 1 ^ 

(5) There are short exact sequences (n gZ) 

]^^ff"-iTot(") (C) H^'Tot (C) — ^ ^siJ""Tot(") (C) 0. 

(6) There are short exact sequences (r > l,n & Z) 

— ^ l^lDp''-'-'^ H^'Tot (C) ^«L>^'"-" ^ 0. 

(7) IfC — > C is a morphism of bicomplexes inducing isomorphisms i?!* (C) — 
E2 (C) for all s, t, then 

H^'Tot (C) ~ F"Toi (C) . 
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(8) // 

Ef ^ 

then completely (in the sense of jBK72j . IX. 5. 3) or strongly (in the 
sense of }Boa99j . Definition 5.2) converges to H^~^^ {Tot{Cy). The latter 
means that H" (Tot (C)) is an inverse limit: i?" (Tot (C)) ~ 

of epimorphisms with the kernels 

ker (g^'"-^ — ^ Q^-i'^-'^+i) ~ E'^ := ]^Ef. 

r 

Proof. We could not find in the literature the proof of the statements above directly 
in the form we need. The ideas of the desired proof can be found, however, in 
|Boa99) . |BK72j . |Tho85) . [PraOlj . |Pra89j and |MarOOj . 

(1) The n-th component of the kernel T^^") (C) consists of the elements 

c=(0,0,...,a)GnC^''""'- 

i=0 

Let us compute dc: 

when j < s, and = (—1)* (5a when j = s, therefore 

(9c = (0,0,...,(-l)'*H- 

It means that (up to sign of the differentials) the complex F*^*^ (C) is iso- 
morphic to the vertical s-th line of the bicomplex C** , hence its cohomology 
is the vertical cohomology of C** . 

(2) It is enough to prove that the differential 

is induced by the horizontal differential d. To do this, we need to calculate 
j and k. Clearly, a class 

e' = [e]eEf ""''^ 



Im (6) 

is mapped (under the mapping k) to the class fee' — [e] of 

e = (0, 0, e) e ker (9 C Tot^'^ (C)'+* . 

Since Tot^'+i) ((7)"+* ^ Toif") (C)^+* is an epimorphism, it is possible to 
find an element e Tot^'+^^ (C)'*+* "lying over" e. We have the right to 
choose 

^= (0,0,...,e,0) eTot'^+i) (C7)"+*. 

Apply 9: 

961 = (0,0,...,(-l)"(5e,de) = 

= (0, 0, 0, de) e r(^+i) (C) c rot(^+i) (c)"+*+' . 
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Finally, jke' — de, and the differential d' in the cochain complex is 
induced by the horizontal differential d. Therefore, 



ker (d' : Ef ^ El+'-') 

rj2 — -7 N — J^horJ^ver y-^ ) 

Im id' : Ef — > El+''^ 



(3) Consider the following parts of the long exact sequences of the derived 
couple 

i 




It follows that i?2 — 



(4) Consider again long exact sequences of the derived couple 










^ El'""-' - 


-f 1^2 


U2 ^ 






^2 




1^2 


, 7-i3.n — 1 

^ E2 > ... 






rns.n—l 
^2 




1^2 


E2 > 



(5) Consider a short exact sequence of cochain complexes: 

— > Tot (C) — ^ J]^ Tot^'^ (C) ]J Totf") (C) 

where 

p : To^t") (C) — > To&-'^ (C) 
is the natural projection. The long exact sequence of cohomologies 



]J H'^-'To&^ (C) -A ]J H"-'To&^ (C) ^ i?"Tot (C) 

s>0 s>0 

Yl H"To&^ (C) ^ Yl H"To&^ (C) — > ... 



s>0 s>0 

splits into the desired pieces 



coker I Yl H^'-'^Tot^'^ (C) M [| H'^-'To^^ (C) ] = H''^'To&^ (C) 

ys>o s>o y 

^ i7"Tot (C) ^ ker m H'^Tot^'^ (C) ^ J]^ H^-To^^ (C) = iJ"Tot(' 

\s>0 s>0 J 

(6) It follows from Theorem |33] (U) that 

DP"-' ~ ^1, Dl'""-' = H"To&^ (C) , 
DP""-'-' ~ Dl'"-'-' = H^-'To^^ (C) . 
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(7) It follows from ^ that 

(c) ~ (c) ~ (C) ~ (C) . 

The morphisni C ^ C induces morphisms of exact sequences from ^ for 
C and C". Applying the 5-lemma several times, one gets 

D^/ {C) ^ Dl'' {C) . 

There is a morphism (which is an isomorphism in the second and the forth 
term) of short exact sequences from ^ for r — 2. Using again the 5-lemma, 
one gets the desired isomorphism 

H'^Tot (C) ~ H'^Tot (C) . 

(8) Consider the r-th derived couple 




Fix s and t. In the long exact sequence 

the term 1 equals zero for r large enough (r > s), and one gets a 

short exact sequence 

Ef Df Dl-Y+^ 0. 

Since ]^].Ef = 0, one gets, due to Theorem 13.41 (lU |4|), a short exact 
sequence 

V'^r Ef > Df > I?""^'*^^ > 0, 

and an isomorphism 
Varying s, one gets 

Df ~ - - - - ^~'''+*+' = 0. 

Let us denote 

It follows from Theorem |0] ([5]) that 

(^Toi^'') (C)) ~ l^r D^'"-'* ~ Q^'"-^ 

Since 

(... — > Q"'"-" — > Qs-i,«-s+i — ^ , ;) 
is a tower of epimorphisms, ^img Q"'"^" = 0, due to Theorem 13.41 (|2l). It 
follows from Theorem 13.41 (|6)). since lim ^ D^^"^"^^ ~ 0, that 
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The short exact sequence ((5]) gives the desired isomorphism 

H" {Tot (C)) ~ i?" {to&^ (C)) ~ Q"^"-^ 

We have proved that {Tot (C)) is isomorphic to the inverse hmit of the 
tower (Q^'"~^)^o '^^ epimorphisms with kernels E^~^, hence Ef con- 
verges completely (in the sense of |BK72| . IX. 5. 3) or strongly (in the sense 
of |Boa99| . Definition 5.2) to H'+* {Tot (C)). 

□ 

3.3. Homotopy inverse limits. On homotopy inverse limits of topological spaces, 
see |BK72j . Chapter XI. Here we define and investigate the homotopy inverse limits 
for the diagrams of chain complexes. 

Definition 3.8. Let 1 he a small category, and let C : 1 — > CHAIN (Z) be a 

functor to the category of chain complexes of abelian groups. Negating the indices, 
one gets a functor to the category of cochain complexes. Take the cosimplicial re- 
placement (^[ BK72j ■ XI. 5.1), which is a cosimplicial cochain complex, and, finally, 
a cochain bicomplex 

{Rcf = n c_t {is) 

(io-!-n^...^is)ei 

with the horizontal differentials 

d : {RCy^'* — ^ (i?C)"'* , 
dc {io ii ^ ... —5- is) = 

s-l 

^ (-l)*"' c (^zo ^ ... — > ik — > ... ^ isj+(-l)'' C {is-i — > is) c(io ^ ... ^ is-i) , 

k=Q 

and the vertical differentials 

S : {RCY''~^ {RCY'' , 
5c (io ii ^ ... ^ is) = d_t (is) c (io ^ ii ^ ... ^ is) 

where 

d-t {is) ■ C-t+i {is) — > C-t {is) 
is the differential in the chain complex C» (is). Take the total complex Tot{RC) 
(using products, as in Definition \3.5]) . and negate the indices again. The resulting 
chain complex is called the homotopy inverse limit ^lolinii C of the functor C: 

( tiolim . =Y{ [] C„+s(is) 

s (io-^ii^---^is)Gl 

with the differential 

d : ^ ^olini igi — > ^ ^olim jgi C 

given by 

dc{io — > ii ^ ... — s> is) = 



EM) 



''cl IQ ^ ... ¥ Ik 



fe=0 



+ (-1)"* C (is_i — > is) c (io ... is-i) + (-1)^ d„+s (is) c (io ii ^ ... is) ■ 
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Definition 3.9. Let : J — > I &e a cofinal functor (left cofinal in [BK72j . 

XI.9.1), and let C : 1 — > CHAIN (Z) be a functor. The natural homomorphisms 

n ^(*«) ^ n c{<p{js)), 

(io^n-i----->is)ei (jo-i-ji-!-...-i-js)eJ 
c I — > c , 

c' (jo ^ jl ^ ■■■ ^ js) = cifijo) ip{ji) ^ ... ^ ip{js)) 
induce the morphism of chain complexes 

(p* : ^olini jgiC — > |iolim ,gj (C o i^) . 

Remark 3.10. Notice that we do not require that the index categories I and J are 
cofiltrant. 

Theorem 3.11. (spectral sequence of a homotopy inverse limit). Let Ef^ he the 
spectral sequence from Theorem \3.T\ for the bicomplex RC. Then: 

(1) 

Ef= II H^tC{is). 

(2) 

£;f = i^i?giij_* {C{i)). 

(3) - - ^^elH-n {C (*)). 

(4) The groups -D|* are included in long exact sequences 

^ ^2,n— 1 ^ jyl.n — 1 ^ ^l,n ^ j^3.n — l ^ 

^ j^s.n—l ^ jjS.n—1 ^ jjs—l.n ^ ^s+l,n— 1 ^ 

(5) There are .short exact sequences (n £ Ij) 

— > l^lHn+iTot'^^^ (C) — > H„ (|iolim,ei — > ]^,H„Tot'-''^ (C) — > 0. 

(6) There are .short exact sequences (r > l,n £ Zj 

l^lDp-''-'-^ H„ ( tiolim ,gi C) l^.Dp-''-' 0. 

(7) If C — > C is a morphism of functors inducing isomorphisms (C) ~ 
El* (C) for all s, t, then 

Hn (j^oUrOiei Cj ~ iJ„ (^ ^olim ^gi C'^ . 

(8) Let 93 : J — !■ I be a cofinal functor, and let 

(fi* : |iolimigi C — > |iolim ,gj (C o ip) 

be the corresponding morphism of complexes. Then ip* is a weak equivalence 
(induces an isomorphism of homologies). 

(9) // 

Ef = 
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then E^^ completely (in the sense of |BK72j . IX. 5. 3) or strongly (in the 
sense of [Boa99j . Definition 5.2) converges to H^s~t ^ ^olini igi . The 

latter means that i7„ ^ holim ,tgiC^ is isomorphic to an inverse limit 
of epimorphisms with the kernels 

Proof. 

(1) Follows from Theorem ISJ]©- 

(2) Follows from Theorem O © and Proposition XI.6.2 in |BK72j . 

(3) Follows from Theorem Em®. 

(4) Follows from Theorem Em (HI). 

(5) Negate indices in Theorem 13.71 ([5]). 

(6) Negate indices in Theorem 13.71 ([6t. 

(7) Negate indices in Theorem 13.71 ([71). 

(8) A cofinal functor induces an isomorphism of higher limits. This is a rather 
well-known fact. It can be proven similarly to the Cofinality Theorem 
f [BK72) . XI.9.2). Moreover, the statement follows from ( jBK72j . XI.9.2 
and XI.7.2). Therefore 

( ^olim ^gi C) £;f ( ^olim ,gj (C o (^)) 

is an isomorphism for all s, t. The desired isomorphism of homologies 
follows from ([7]). 

(9) Negate indices in Theorem EIZl®. 

□ 

Definition 3.12. Let C, = (C,,0,gi £ Pro (CHAIN (Z)) be a pro-complex. De- 
fine its homotopy inverse limit |iolim as follows: 

|iolim C, := |iolim igi C^i- 

Remark 3.13. It follows from Proposition \ 3. l4\ below that the homotopy inverse 
limit of a pro-complex is well defined up to weak equivalence. 

Proposition 3.14. The homotopy inverse limit from Definition \3.12\ is a well- 
defined functor 

tiolim : Pro (CHAIN (Z)) — > Ho (CHAIN (Z)) 

where Ho (CHAIN (Z)) is the category of fractions of the category CHAIN (Z) 
with respect to weak equivalences of complexes. 

Proof. The functor is well-defined on the category Inv (CHAIN (Z)). In order to 
use Theorem 12.61 one needs only to check that cofinal morphisms are mapped into 
weak equivalences. The latter fact, however, follows from Theorem 13 . 11 1 (|8)) . □ 

Theorem 3.15. (spectral sequence of a pro-complex). Let C e Pro (CHAIN (Z)) 
be a chain pro-complex. Then there exists a spectral sequence Ep^ (C), natural on 
C from E2 on, such that: 
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(1) 




= 


(C) . 


(2) 




-„(C). 




(3) 


The groups D|* are included 


in long exact sequences 




eI^""^^ - 




-1 i^O:n 

^ ^2 ^ 




^ -fc'2 


> r)2,n 
^ ^2 






TTiS.n— 1 

... > 




^ ^2 ^ ^2 



(4) There are short exact sequences (r > 2,n E Z) 



(5) If C — > C is a morphism of pro- complexes inducing isomorphisms 

E^' (C) c Ef (C) 

for all s, t, then 

iJ„ (^ ^olim ~ Hn (|iolim . 

(6) // 

X^lE'^' ^ 

then Ef completely (in the sense of |BK72j . IX. 5. 3) or strongly (in 
the sense of |Boa99) . Definition 5.2) converges to H^s-t ^ ^olim . The 

latter means that Hn ^|iolim ~ 

1^, (... — ^ Q^'-"-^ QS-U-n-s+l _^ _^ gO,-„ _^ Q-l^-"+l ^ 0) 

of epimorphisms with kernels 

ker (Q'^-"-' — ^ Q'-^'-"-'+^) ~ i;^""-" ^^K;^"""". 

Proo/. 

(1) The formula for follows from Tlieorem l3.11l (P|). To check naturality, use 
Theorem 12.61 and the facts that both H_f and lim* map cofinal morphisms 
into isomorphisms. 

(2) Follows from Theorem ISinidS]). 

(3) Follows from Theorem EHHdU. 

(4) Follows from Theorem Em]®. 

(5) It follows from ^ that 

D°/' (C) ~ E^^"" (C) ~ E^-" (C) - i?^'" (C) . 

The morphism C — >■ C induces morphisms of exact sequences from for 
C and C. Applying the 5-lemma several times, one gets 

D'/ (C) c D'/ (C) . 

There is a morphism (which is an isomorphism in the second and the forth 
term) of short exact sequences from ^ for r = 2. Using again the 5-lemma, 
one gets the desired isomorphism 



iJ" [ l^oUm Cj ~ H" (^ ^olim C'j . 
(6) Follows from Theorem EUD®. 
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□ 

4. Shape homology 

4.1. Pro-homology. Let Pro (TOP), Pro (HTOP), Pro (POL), and Pro (HPOL) 

be the pro-categories from Example 12.71 ([2]). 

Definition 4.1. Let G be an abelian group. Given a pro-space X {Xi)^^^ G 
Pro (TOP), or a pro-homotopy type X = (Xj),^^^ e Pro (HTOP), define 

C,(X,G) = (a(X„G)),gi 

to be the corresponding chain pro-complex (see Example \2. 7| ) if^ G Pro (TOP) 
or a family of chain complexes (if X. ^ Pro (HTOP) j where C* {Xi,G) is the 
singular chain complex for Xi with coefficients in G. Let H„ (X, G) be the corre- 
sponding pro-homology group (or a family of abelian groups): 

H„ (X,G)-(i/„(G4X„G))),gi. 

For a topological space X , let X ^ "K. — (Xi)^gj- be an H Pol -expansion (^'14882], 
%L2.1), or a strong polyhedral expansion i^ |MarOO| . %7.L), i.e. X G Pro (HPOL) 
or X G Pro (POL). Let finally 

H„ {X, G) := H„ (X, G) . 

It follows from jMS82j . ^11.3.1, that H„ (X, G) are well defined abelian pro-groups 
that do not depend on the choice of an expansion X. 

4.2. Strong homology. We define strong homology as in |Pra01| . Definition 3.1.3. 
The definition is equivalent to that in [MarOO] . Chapter 17 and 18, see [PraOlj . 
Theorem 3(a). 

Definition 4.2. Given a pro-space X = iXi)^^^ G Pro (TOP), let 

C, (X, G) = (G, (X„ G)),^gj G Pro (CHAIN (Z)) 

be the corresponding singular chain pro- complex from Definition \4.1\ Define 

Hn (X, G) ~ H„ ( tiolim (C, (X, G))) 

where |iolim is the homotopy inverse limit from Definition \3.12\ Given a topological 
space X , let X ^ a. = {Xi)^^^ be a strong polyhedral expansion. The homology of 
^olim (C4, (X, G)) is called the strong homology of X with coefficients in G: 

Ha {X, G) i/„ ( ^olim (C, (X, G))) . 

Remark 4.3. Strong homology is strong shape invariant (see [MarOOj . Theorem 
18.12). Compare with Proposition \4.10\ (0). 

Remark 4.4. i7„ is defined for all n E Z (the negative values of n included). 

Theorem 4.5. (Spectral sequence for strong homology). Let X be a topological 
space as an object of the strong shape category SSh. Then there exists a spectral 
sequence E^^ (X), natural on X E SSh from E2 on, such that: 

(1) 

= H_t (X, G) . 
(2) " — — H-n (X, G) where is Cech homology. 
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(3) The groups Z)|* are included in long exact sequences 

^ ^2,n— 1 ^ ^2,71 — 1 ^ Jj}'^ )■ JiJ^'^^^ ^ 

^ j^s.n—l ^ jjS.n—1 ^ jjs—l,n ^ ^s+l,n— 1 ^ 

(4) There are short exact sequences (r > 2,n E Z) 

^ ]^lDp-''--'+^ Hn [X, G) ]^rDp-"-' 0. 

(5) // 

£f = 

then Ef completely (in the sense of |BK72j . IX. 5. 3) or strongly (in 
the sense of |Boa99| . Definition 5.2) converges to H^n {X,G). The latter 
means that i?_„ {X, G) ~ 

o/ epimorphisms with kernels 

Proof. Most statements of this Theorem were proved in |Pra89| . Let X ^ X. — (^i)jgi 
be a strong polyhedral expansion. Apply Theorem l3.15l to the pro-complex (C* {Xi, G'))jgj 
where (X^, G) is the singular complex for Xi with coefficients in G. 

To check that the spectral sequence is natural on E2 on, apply Theorem 12.161 
It is enough to check that both cofinal morphisms and level equivalences induce an 
isomorphism on E2 . 

If X — >■ X' is cofinal, then the corresponding morphism C» (X, G) C, (X', G) 
is isomorphisms in Pro (CHAIN (Z)), and induces therefore an isomorphism 

£;f (X) = lim" n t (X, G) — > E^* (X') = lim'* H t (X', G) . 

Finally, if X = (Ari)jgj — ?> X'= (X-)igi is a level equivalence, the homomorphisms 
G* {X„ G) G, {XI, G) are weak equivalences. Hence, H_t (X, G) ^ H_t (X', G) 
and E'l* (X) £'|* (X') are isomorphisms, as desired. □ 

4.3. Balanced homology. 

Definition 4.6. Given a pro-space X = e Pro (TOP), let (X, G) &e 

f/ie tensor product in the sense of Theorem \2.1'T\ 

Cl (X, G) := (X, Z) G £ Pro (CHAIN (Z)) . 

where C» (X, Z) is i/ie pro-complex from Definition \4.1\ C\ (X, G) cbk 6e repre- 
sented by an inverse system 

ct (x,G) = ((n) 



'jeJ 

Let Hjj (X, G) &e t/ie corresponding pro-homology group: 

(X,G) :-(i?„(y,))^.^j. 

Given a topological space X , let X ^ = {Xi),-^-j^ be a strong polyhedral expansion. 
Define 

H^ {X, G) H^ (X, G) . 
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Remark 4.7. Strictly speaking, the items Yn above are ahelian pro-groups that are 
represented by dijferent index categories Jn-' 

However, Remark \2.18\ guarantees that the index categories J„ can be chosen to be 
equal, and the differentials to be level morphisms (Definition \2.2(l . 

Definition 4.8. Given a pro-space X = (^i)jgj G Pro (TOP), define 
hI (X, G) := iJ„ (jiolim (C^ (X, G))) 

where the complex in the brackets is the homotopy inverse limit from Definition 
\3.1Sl Given a topological space X , let X ^ X = (Xi),-^j be a strong polyhedral 
expansion. Define 

h\{X,G) :=i?'(X,G). 
Remark 4.9. Due to Theorem \2.20[ there are natural (on X and G) morphisms 

Cl (X, G) = (X, Z) «)z G (X, Z) »zG = (X, G) 

of pro- complexes inducing the morphisms Hj^ {X, G) — )■ H„ {X, G) and {X, G) — > 

Hn{X, G). 

Let us remind that FAB is the class of finitely generated abelian groups. 

Proposition 4.10. 

(f ) Balanced pro-homology is strong shape invariant. 

(2) The mappings H^^ {X, G) — H„ {X, G) are isomorphisms if G ^ FAB. 

(3) Balanced strong homology is strong shape invariant. 

(4) The mappings {X, G) Hn {X, G) are isomorphisms if G £ FAB . 
Proof. 

(f ) The functor 

X I — > C, (X, Z) :? — > Pro (CHAIN (Z)) 

is evidently defined on the category Inv (TOP) (see Definition I2.f p . there- 
fore also on the category Inv (POL). Let G £ Mod(Z). Applying the 
tensor product from Theorem 12. 171 one gets a functor 

X ^ Ct (X, G) := (X, Z)(E)zG: Inv (POL) Pro (CHAIN (Z)) 

and functors 

X ^ H^„ (X, G) := H„ (Ct (X, G)) : Inv (POL) — > Pro (Z) . 

In order to use Theorem I2.16[ let us check that special morphisms are 
mapped into isomorphisms. Due to Proposition 12.151 it is enough to check 
this for cofinal morphisms and for level equivalences. If / : X ^ Y is a 
cofinal morphism in Inv (TOP) then 

C, (/, Z) : C, (X, Z) C, (Y, Z) 

is a cofinal morphism in Inv (CHAIN (Z)), inducing therefore an isomor- 
phism in Pro (CHAIN (Z)). It follows that 

Cj(/,G) :Ct(X,G) ^Ct(Y,G) 
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and 

if,G):Ut (X,G) (Y,G) 

are isomorphisms as well (in the categories Pro (CHAIN (Z)) and Pro (Z) 
respectively). Let now 

/ = (/0,,i : X = (XO,,i ^ Y = (rO.ei 

be a level equivalence. Let n £ Z. It follows that both H„ (X, Z) 
H„ (Y, Z) and H„_i (X, Z) — )■ H„_i (Y,Z) are isomorphisms in Pro(Z). 
Hence, both 

H„ (X, Z) ®z G ^ H„ (Y, Z) G 

and 

Tor^ (H„_i (X, Z) , G) ^ Tor? (H„_i (Y, Z) , G) 

are isomorphisms. The singular chain complexes G* {Xi, Z) and G* {Yi, Z) 
consist of free abelian groups, therefore the pro-complexes (X, Z) and 
C, (Y, Z) consist of quasi-projective Z-modules (Definition l2.21l and Propo- 
sition [5221) : s-^d one can apply Theorem 12.371 there exists a morphism of 
short exact sequences 

H„ (X, Z) ®z G ^ (X, G) Torf (H„_i (X, Z) , G) ► 



>- H„ (Y, Z) ®z G ^ (Y, G) Tor^ (H„_i (Y, Z) , G) ► 

The 5-lemma gives the desired isomorphism (/, G) : (X, G) ^ (Y, G). 
Hence, the functors (?, G) maps special morphisms into isomorphisms. 
Theorem 12 . 161 implies that one has well-defined functors (?, G) : SSh 
Mod(Z). 

(2) Follows from Theorem 12. 20[ because Z is noetherian, therefore any finitely 
generated Z-module is finitely presented. 

(3) The functors 

X I — >c\ (X, G) := tiolim (X, G) : Inv (POL) — > CHAIN (Z) , 

X ^ H^^^ (X, G) := Hn icl (X, G)) : Inv (POL) Mod (Z) , 

are well-defined. In order to extend the definitions to the strong shape 
category SSh, it is enough, due to Theorem 12.161 and Proposition 12. 151 to 
check whether cofinal morphisms and level equivalences are mapped into 
isomorphisms. If / : X — >■ Y is cofinal, it follows from Theorem 13.111 ([S]), 
that 

Cl (X, G) - tiolim Cl (X, G) ^olim C^ (Y, G) = c\ (X, G) 
is a weak equivalence of complexes, hence 
hI (X, G) = if„ ( tiolim Cl (X, G)) ^ if„ ( ^olim C^ (Y, G)) = hI (X, G) 
is an isomorphism. Let now 

/ = (/O.ei : X = (X4ei ^ Y = (rO.ei 
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be a level equivalence. It follows from ([T]) that 

i?r (Ct (X, G)) = 1^^ H^t (C, (X, G)) H^t (C, (X, G)) = E^^' (Cj (Y, G)) 

is an isomorphism for all s, ^ G Z. Using Theorem 13.111 ([7|). one concludes 
that 

hI (X, G) = i/„ (jiolim Cl (X, G)) ^ (jiolim (Y, G)) = hI (X, G) 

is an isomorphism. Finally, Theorem 12.161 guarantees that h\ (?, G) are 
well-defined functors from SSh to Mod (Z). 
(4) Follows from Theorem [2:201 

□ 

5. Proof of the main results 
5.1. Proof of Proposition lO.il 

Proof. For each a E G and for each of the four theories /i» we will define morphisms 

a, : K [X, Z) K {X, G) 

which satisfy the condition (a + 6)^ = a* + 6*, a, b £ G. Let X — ^ X = {Xi),-^-^ 
be a polyhedral expansion, and let (G* (Xi,Z))-gj and (G* (X^, G))^^■^ be the cor- 
responding pro-complexes 

(1) Pro-homology. The mappings c i — > c a define morphisms of pro- 
complexes 

a. :(G.(X„Z)),^i^(G,(X„G)),^i 
and morphisms of their pro-homology groups 

a. : {H. (X„Z)),gi ™> {H. {X^,G)),^, . 
Clearly (a + 6j ^ = a, + fe* , and we get a homomorphism of abelian groups 

a I — > a* : G — > Homp^o{z) (H* (X, Z) , H, (X, G)) . 
Theorem 12 . 1 71 gives the desired homomorphism 
(X,Z) «)zG-^H, (X, G). 

(2) Strong homology. The mappings 

a. :(a(X„Z)),^i^(G,(X„G)),gi 
from (1) define morphisms of the homotopy inverse limits 

a, : ^olim , (G* (X„Z)),gi ^lolim , (G* (X„G)),gi 
and their homologies 

a* : i?* {X, Z) — ^ i?, {X, G) . 
Clearly (a + bj ^ = a, + fe» , and we get a homomorphism of abelian groups 

a I — > a* : G — i?omMod(Z) (^^* {X, Z) , iJ* (X, G)) . 
The usual properties of the tensor product give the desired homomorphism 

{X, 1)®zG^ {X, G) . 
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(3) Balanced pro-homology. Due to Theorem 12.171 there is a natural iso- 
morphism of abelian groups 

-ff omMod(z) (G, oTOpro(z) (C* (X, Z) , (X, G)) ) ~ 

~ i/oTOpro(z) (C, (X, Z) 0Z G, Cl (X, G)) . 

Since C, (X, Z) 0^ G = (X, G) by definition, let 

G (G, i/ompro(z) (C, (X, Z) , Cj (X, G))) 

be the morphism corresponding to the identity morphism C» (X, Z)(>5zG — 
(X, G) under the isomorphism above. For a e G, let 

^(a), :H, (X,Z) -^Ht (X, G) . 

be the induced mapping of pro-homologies. The correspondence a i-> Tp (a)^ 
defines a homomorphism 

G i?ompro(z) (H, (X, Z) , Ut (X, G)) . 

Applying again Theorem I2.17[ one gets the desired morphism of abelian 
pro-groups 

(X,Z) «)zG— >Ht (X,G). 

(4) Balanced strong homology. The morphisms 

<f (a) e i/oTOpro(z) (C, (X, Z) , (X, G)) 
from (3) define morphisms 

^olim ifi (a) : tiolim C, (X, Z) — > tiolim (X, G) 
and the corresponding morphisms of homologies 

a, : {X, Z) = hI {X, Z) {X, G) . 



Clearly [a + b) ^ ~ a* and one gets a homomorphism of abelian groups 
a ^ a, : G ^ i/omModfZ) f i?! , i/' (X, G)^ 



The usual properties of the tensor product give the desired homomorphism 
li\ {X, Z) ®z G — > hI (X, G) . 

□ 

5.2. Proof of Theorem HB 

Proo/. Since for G G FAB, the natural morphisms Hf^ (A", G) — > H„ (A, G) and 
'h''^ (A, G) Hn (A, G) are isomorphisms (Theorem [4.101 P E])), it is enough to 
prove our statement for the two non-balanced homology theories. Let A ^ X be a 
strong polyhedral expansion. Consider first the case G = Z" is a free finitely gener- 
ated abehan group. Clearly Tor^ (H„_i (X) , G) = and Torf (i?„_i (X) , G) = 
0, and it is enough to notice that both 

n 

H„ (X,Z) 0^ G = H„ (X,Z) H„ (X, G) 

and 

Hn (X,Z) ®z G = i?„ (X,Z) Hn (X, G) 
are isomorphisms. 
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Let now 







G 







be a resolution of G where Fi are free finitely generated abelian groups. There is a 
short exact sequence of pro-complexes and level morphisms 

^ C, (X,i^i) ^ C, (X,Fo) C, (X,G) 

inducing a short exact sequence of homotopy inverse limits 

— > ^olim C, (X, Fi) — > ^olim C, (X, Fq) — > tiolim (X, G) — > 0. 

The first sequence gives rise to long exact sequence of pro-homologies 

... ^H„(X,Fi) ^H„(X,Fo) ^H, (X,G) ^H„_i(X,Fi) ^H„_i(X,^^o) - 

while the second one induces a long exact sequence of strong homologies 

... Hn (X, ^^i) (X, Fo) Hn (X, G) Hn-i (X, Fi) i?„_i (X, Fo) 

Consider a morphism of exact sequences 

H„ (X,Fi) » H„ (X,Fo) » H„ (X, G) » H„_i (X,Fi) 

1 



a 



/3 



7 



H„ (X, Z) ^ H„ (X, Z) -Fo ^ H„ (X, Z) G 







Since a and /3 are isomorphisms, 7 is a monomorphism with the cokernel equal to 

ker (H„_i (X, Fi) — > H„_i (X, Fq)) ~ ker (H„_i (X, Z) ®z Fi ^ H„_i (X, Z) ®z -Fo) 
-Tor? (H„_i(X,Z),G). 

Similarly, _ff„ (X, Z) (g>zG — > i?„ (X, G) is a monomorphism with the cokernel equal 
to 

ker (S^„_i (X, Fi) ^ i?„_i (X, Fq)) ~ ker (i?„_i (X, Z) ®z Fi ^ (X, Z) ®z Fq) 

-Torf (i?„_i(X,Z),G). 



□ 



5.3. Proof of Theorem [mi 



Proof. Let X — > X be a strong polyhedral expansion. Apply Theorem 12.371 to the 
pro-complex C* (X, Z). □ 

5.4. Proof of Theorem Ol 

Definition 5.1. For an arbitrary abelian group H, let P (i/) , P"^ (H) £ Pro (Z) 

be the following pro-groups: 



P{H) = {H^H®H 

00 

V-{H) = 0P(i/). 



H®H®H 
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Proof. Let G be a free countably generated abelian group. Since Torj^ (H„_i {X, Z) , G) 
0, it is enough to construct an example X such that H„ {X, Z) ®z G -t- H„ {X, G) 
is not an isomorphism. Let 



oo 





be the fc-dimensional Hawaiian ear-ring, i.e. a compact wedge (or the cluster) of 
countably many /c-spheres. Assume for simplicity that k ^ 0. Xk can be described 
as a subspace of M'^+^i 



k 

i=0 



where S^^^^ is the sphere of radius with the center in ...,{)^ e M'^+^. It 

follows from ( [PraOSj . Section 4.2, p. 505) that (see Definition 15. ip 



P (Z) if n = k, 
H„(Xfe,Z) = <( if ?i^fc,0, 
Z if n = 0. 

P" (Z) if n = fc, 
Hfe(Xfe,Z)®zG= { if n^fc,0, 

G if n = 0. 

P (G) if n = k, 

Uk{Xk,G) = { if n^k,0, 

G if n = 0. 

Assume on the contrary that (ATfc, Z) ®z G Hfe {Xk, G) is an isomorphism. It 
would follow that 

i/o?7ipro(z) (Hfe iXk,G) , B) — > i7ompro(z) (Hfe (ATfc, Z) ®z G, B) 
is an isomorphism for any abelian group B. Direct computation shows that 

Coo oo oo 

l[B ^l[B X B ^l[B X B X B 


■oo 

-ffompro(z) (Hfc (Xfc,Z) ®z G,B) = ]Jlin^ {B^BxB^BxBxB^ ...) . 



Notice direct (instead of inverse) limits. Elements of can be represented 



by infinite s x oo matrices (^ij)o<i<s j>o' '^^^ equivalently, by oo x cx) matrices 
(^*j)i>Oj>o "^ith = whenever i > s. It follows that 

Coo oo oo \ 

Y[b — ^YIb X B — ^YIBx Bx B — > ...\ 
/ 

can be represented by oo x oo matrices (%)j>o j>o matrices with bij = whenever 
i > s for some s. Similarly, elements of 

lii^(B — > B X B — > BxBxB — > ...) 
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can be represented by 1 x oo matrices {bj)^^^ where bj = if j > s for some s. 
Finally, elements of 

oo 

J|lin^ {B — > B X B — > B X B X B — ¥ ...) 



can be represented by oo x cx) matrices (i'y)j>o j>o matrices with bij = whenever 
i > Sj for some Sj (depending on j). Let B be any non-trivial abelian group, let 
c e S, c 7^ 0. Define 

if i>j, 
c if i < j. 



bij = 



Clearly 

oo 

e]^lii^ [B — > B X B — > B X B X B — > ...) , 



but (bij) does not lie in the image of 

Coo oo oo \ 

Y[B — >'[[B X B — ^YIb X B X B — >...]. 
/ 

The pairing H^, {Xk,Z) ®i G Hk {X^, G) is not an isomorphism. Contradic- 
tion. □ 

5.5. Proof of Theorem 11.41 

Proof. Let Xk, k > 1, and G, be the same as in Section [5^ It follows from ( |Pra05) . 
Section 4.2, p. 505) that 

OO 



oo oo 



oo oo oo 

Hk (Xfc,G)~n^-n0^- 



Let us repeat the proof here. Let F be any abelian group. We will calculate 
Hk {Xk, F) using the spectral sequence from Theorem 14. 5 1 and the calculations 
from Section 15.41 Clearly, since P (F) (see Definition 15.11) is a tower of epimor- 
phisms. 



£;f (a (x,F)) = <^ 



if 


s = 0,t = 


-fc. 


if 


s = t = 


0, 


if 


s = l,t 





F 

1^1 P (F) = 

otherwise. 

The spectral sequence degenerates, implying ^imj Ef — 0. It follows that 

oo 

Hk {Xk, F) 2, E"^'" El^-"" ^\{F 



Setting F — "L and F — G, one gets the desired formulas. 
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Moreover, Torf [Hk-i {Xk,Z) ,G) — because G is a free abelian group. The 
elements of Hk (Xfe,Z) ®z G are represented by oo x cxd matrices {bij G Z) where 
bij = if i > s for some s, while elements of Hf^ {X^, G) are represented by matrices 
{bij) where bij = if i > Sj for some Sj (depending on j). Let 



6y 



if i>j, 

1 \i i< j. 



Clearly {bij) G Hk (^fc, G), but {bij) does not lie in the image of Hk {Xk,Z) ®z G. 
The pairing Hk (X^, Z) G — > -ff/c (X^, G) is not an isomorphism. Contradiction. 

□ 

5.6. Proof of Theorem 11.51 This is the most complicated argument. 

5.6.1. The counter-example depending on the Continuum Hypothesis. 

Proof. Take again G a countably generated abelian group. The first counter- 
example will be the same Xk (the cluster of fc-spheres) as above. However, the 
statement that 

Hk-i {Xk,Z) G = iXk,Z) ®z G ^ iXk,G) 

is not an isomorphism, would depend on the Continuum Hypothesis (in fact, on 
a weaker assumption d = Hi). A counter-example which is independent on the 
Continuum Hypothesis, will be much more complicated (see Section [5.6.2p . Assume 
for simplicity that k > 2. Let Xk — > X be a strong expansion. Consider the spectral 
sequence from Theorem 13.151 © for the pro-complex 

oo 

Cj (X, G) = (X, Z) ®z G = C, (X, Z) . 



Reasoning exactly as in ( |Pra05) . Theorem 4.5 and Proposition 4.10), one calculates 
the E2 terms (see Definition 15. ip : 



£;f (Ct (X,G)) 



^P"(Z)~0]^Z if s = 0,t = -fc, 



1^''P"(Z) if s>0,t^~k, 

00 

Z if s = t = 0, 





otherwise. 



The spectral sequence degenerates, implying ^im^ i?^* = 0, and it follows that 



hI_^(X,G) ^1^1^ P'^ (Z). 

In jvD84j ■ §3, the two cardinals were defined: b (bounding number) and d (dom- 
inating number). It is known that Hi < 6 < d < c where c is the cardinality of 
continuum. Moreover (see |vD84| . §5), for any integers 1 < p < I < m the statement 

(& = Hp)&(d = HO&(c = H™) 

is consistent with ZFC (Zermelo-Fraenkel axioms plus the Axiom of Choice). As- 
sume now d = Hi (this assumption is weaker than the Continuum Hypothesis 
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c = Hi). It is proved in ( |Pra05| ). Theo rem 4, that under this assumption the 
cardinahty of ^im^ P'^ (Z) is very large (equal to (Kq)^^). Since 

i?^i(X,Z) = i/fe_i(X,Z) =0, 

it follows that 

= (Xfe, Z) <E>zG^ hI_^ {Xk,G) = ^1 P" (Z) ^ 
is not an isomorphism. Contradiction. □ 

Remark 5.2. In |DSV89| it is proved that under PFA (the Proper Forcing Axiom) 

^1 P^ (Z) = 0. Therefore, the statement 'TTI_i {Xk,1) ®zG — > Tl^-i {Xk,G) 
is an isomorphism" does not depend on ZFC. 

5.6.2. The ''absolute'' counter-example. Let uJi be the first uncountable ordinal. 

Definition 5.3. (compare with |Pra05| . Section 6) Let G be an abelian group. 
Define I (wi) to be the category with the elements a < UJi as objects, and inequalities 
j3 < a as morphisms a — > /?. Notice the inverse order in which a and (3 appear in 
the morphisms. Consider the following two abelian pro-groups: 

oo 

A"(C) = 0A(C), 



where 

AciG)^ C, 

and for j3 < a the morphisms 

(a ^ /3), : A„ (C) = C^Ap{C)^ C 

are induced by the inclusions [a,UJi) C [f3,Lji). 

Proof. Let to > 1 be an integer. Denote by Xm the space X (to, 0, oji) from |Mar96) . 
As a set, Xm is a wedge 

\J B"' 

a<uii 

of TO-dimensional balls equipped with a special paracompact topology. In ([Mar96], 
Theorem 3 and 6), a polyhedral resolution X^ — s> X was constructed, and the 
pro-homology of X^ was calculated. Namely, 

r Z if n^O, 

H„(X™,Z) =H„(a (X„,Z)) = <^ A(Z) if n = m 

[ otherwise. 

Let us now proceed similarly to [PraOSj . Proposition 7.3. Let G be, as in Sec- 
tion 15.6. 1[ a countably generated free abelian group. Assume for simplicity that 
TO > 2. In the two spectral sequences from Theorem 13.1 51 (pt for the pro-complexes 
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C* {Xm, 2) and (Xm, Z) = C* (Xm, Z) ®z G one obtains, using |Pra05) . Propo- 
sition 6.1: 

r Z if s = t = 0, 

{C^{X^,Z)) = I if s^2,t = -m, 



,2 

otherwise. 



(Ct(X„,G)) 



0Z if s = t = 0, 





■,2 



^^A"(Z) if s = 2,t=-m, 

otherwise. 



Both spectral sequences degenerate, implying ^im^ = 0. It follows from Theo- 
rem [3J5] dH) that 

r Z if n = 0, 

Hi (X„„ Z) = i/„ (X„„ Z) = <^ ^2 A (Z) if n = m - 2, 

I otherwise. 



-H^n [Xrm G) 



Z if n = 0, 





,2 



A" (Z) if n = m - 2, 

otherwise. 



The pairing 

oo 

i?L2 (^m, ^) ®Z G = ^2 A (Z) ^ (X„„ G) = 1^2 A- (Z) 



is not an isomorphism, due to [PraOSj . Proposition 6.1 and Corollary 6.5. Con- 
tradiction. □ 
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